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Abstract 
We define the notion of wide knots (and links) and show that they contain closed incompressible 
nonboundary parallel surfaces in their complement. This is done by proving that these complements 
admit Heegaard splittings which are irreducible but weakly reducible, and using an extension of a 
result of Casson and Gordon. We then show that the class of wide knots and links is rather large, 
and that examples are easy to come by. We also show that the incompressible surfaces remain 
incompressible after most Dehn fillings. 0 1999 Elsevier Science B.V. All rights reserved. 
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0. Introduction 
Closed incompressible surfaces in 3-manifolds have long been a subject of research in 
the study of 3-manifolds. However, most of the results that have been obtained regarding 
these surfaces describe various properties they have, under the assumption that they exist 
(see, for example, [ 10,14,17]). Surprisingly there are very few results about the existence 
of such surfaces. We show that the view shared by other knot theorists, that many knot 
and link complements should contain closed incompressible surfaces, is indeed true. 
In this paper we consider a class of knots an links which we call wide. (See Fig. 1 
and Definition 2.1.) We will show that the class of wide knots and links is indeed a very 
large class and prove: 
* Corresponding author. E-mail: ymoriah@techunix.technion.ac.il. 
’ Supported by Heisenberg Stipendium from Deutsche Forschungsgemeinschaft (DFG). 
0166.8641/99/$ - see front matter 0 1999 Elsevier Science B.V. All rights reserved 
PII: SO1 66-864 I (97)00232-O 
2 M. Lustig, E Moriah / Topology and its Applications 92 (1999) l-13 
l3P-d 
: 
a I,1 a 1,2 a 1,3 
ILfifi 
“2,l “2,2 
fi ii %3 
. . . . . . . . 
. . . . 
. . . 
“2,0-l a 2,n 
fifi where 2n - 2 2 m 
. l . 
. . . 
. 
Fig. 1. 
Theorem 0.1. The complement S3 - N(K) of any wide knot or link K c S3 contains 
a closed orientable non-a-parallel incompressible separating suface of positive genus. 
There are three ingredients in the proof of this result: First, an extension of an important 
theorem of Casson and Gordon, which states that a manifold with an irreducible but 
weakly reducible Heegaard splitting contains a closed incompressible surface, to the 
case of manifolds with boundary (see Section 1). Second, a geometric argument that 
guarantees that knots and links in wide plats have weakly reducible Heegaard splittings 
(see Proposition 2.2). Third, previous work of the authors which ensures that the Heegaard 
splittings in question are irreducible (see Proposition 2.3). 
An immediate question which arises in light of the above Theorem 0.1 is what hap- 
pens to this incompressible surface after surgery on the knot or link? We will show, in 
Section 3, that indeed most closed 3-manifolds obtained by surgery on wide knots are 
Haken (see Corollary 3.2 and Theorem 3.4). 
Results regarding the existence of closed incompressible surfaces were obtained by: 
Lyon (see [6]), for closed incompressible surfaces in fibered knots, Oertel (see [ 12]), clas- 
sifying the closed incompressible surfaces in star links, Lozano and Przytycki (see [9]), 
showing existence of closed incompressible surfaces in closed hyperbolic 3-braids and 
by Finkelstein (see [4]), who obtains an explicit and constructive theorem about closed 
incompressible surfaces in closed 3-braids. 
For general definitions and terminology regarding this paper see [ 1,5,13]. 
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1. Heegaard splittings and incompressible surfaces 
In this section we state the definitions of compression bodies and weakly reducible 
Heegaard splittings following [2], and give the proof of the extension of Theorem 3.1 
of [2] to the case of manifolds with boundary. 
A compression body W is a 3-manifold with a preferred boundary component a+W 
and is obtained from a collar of a+W by attaching 2-handles and 3-handles, so that the 
connected components of a_ W = 8W - a+ W are all distinct from S*. The extreme 
cases, where W is a handlebody or W = a+W x I, are admitted. Notice that, contrary 
to the original definition in [3], we require here (as in [16,15]) that compression bodies 
be connected. 
A Heegaard splitting (WI, W2) of a 3-manifold M, possibly aM # 0, is a decompo- 
sition M = W’i U W2, where the W, are compression bodies and WI n W2 = a+W, = 
a+ W2. The genus of the Heegaard surface a+ WI = i3+ W2 is the genus of the Heegaard 
splitting. 
A Heegaard splitting (WI, W2) of a 3-manifold M is called weakly reducible if there 
are disjoint essential disks Di c WI and 02 c W2. Otherwise it is called strongly irre- 
ducible. A Heegaard splitting is called reducible if there are two essential disks D, c W, 
and 02 C Wz so that aDl = aD2 and otherwise it will be called irreducible. 
Given a closed, possibly disconnected surface C c hf and a system of pairwise 
disjoint nonparallel compressing disks A for C we define Co = o(C, A) to be the 
surface obtained from C by compressing C along A. Let c(C) = C, (1 - X(X,)), 
where the sum is taken over all components & of C which are not 2-spheres. The 
complexity of the system A is defined to be: 
c(A) = c(C) - c(&). 
Let (WI, W2) be a weakly reducible Heegaard splitting of M with Heegaard surface 
C = a+W, = a+W,. For the rest of the section we assume A to be a system of 
compressing disks satisfying the following conditions: 
(a) A contains disks on both sides of C. 
(b) A maximizes c(A) over all systems of disks satisfying (a). 
Lemma 1.1 [2, proof of Theorem 3. I]. Zf the Heegaard splitting (Wl, W2) is irre- 
ducible, then every 2-sphere component S of Co is contained in one of the compression 
bodies WI or W2. 
Proof. If a 2-sphere component S of Cc intersects both of int(Wi ) and int(W2) then 
there is a simple closed curve a on S f’ C separating S O int( WI) from S n int( W2). The 
curve Q is essential in C, as each of the components of C - cy contains boundary curves 
of the compressing disk system A. Hence the closure of both components of S - a are 
essential disks in WI and W2, respectively. Thus (WI, WZ) is reducible, in contradiction 
to our assumption. El 
4 M. Lust&, K Moriah / Topology and its Applications 92 (1999) I-13 
Let C* be the surface CO = a(C, A) less the 2-sphere components. Let No denote the 
closure of a component of M - & which is not a 3-ball and let N denote the closure of 
a component of M - C* which contains Na. By symmetry between Wi and W2 we can 
assume that NO C WI U N(Az), where Ai = A n W,. Set Ui = (Wi fl NO) - N(C U A) 
and U2 = N - Ui. We call (Ui, Uz) the induced Heegaard splitting of N. Induced 
Heegaard splittings appear first in [2] (compare also [15]) and the name is justified by 
the following lemma: 
Lemma 1.2. Assume that the Heegaard splitting (WI, W2) is irreducible. Then 
(a) The pair (U, , U2) is a Heegaurd splitting of N. 
(b) a_(/, c C* and a&U, c aM. 
(c) The Heegaard splitting (U, , U2) of N is irreducible. 
Proof. (a) By the above Lemma 1.1 every 2-sphere component of Cc bounds a 3-ball 
B which is contained in either WI or W2. Hence WI n NO = WI fl N, and thus, up 
to ambient isotopy, N can be obtained from Ui by attaching 2-handles and 3-handles. 
Conversely one can obtain UI from N by removing 2-handles and 3-handles, i.e., by 
drilling out tunnels and 3-balls. Thus UI is a single component of WI - N(Al) and 
hence is a compression body, with a+U, c a+Wl U aN(Al). Now U2 = N - U1 is 
obtained from a collar of a+U, by attaching 2-handles and 3-handles and therefore it is 
also a compression body. Hence (U, , UZ) is a Heegaard splitting for N. 
(b) This claim follows directly from the definition of UI and U2. 
(c) Assume that (U, : U ) 2 is reducible with essential disks DI c UI and 02 c Ux 
with CID, = i3D2. It follows from the above description of U2 that 02 is a band sum of 
parallel copies of the core disks of the 2-handles attached to the collar of Zl+U, (i.e., disks 
from A2 c W,). As a+U, c N(W2 u A,) we can isotope DI U 02 so that the bands of 
this band sum are contained in WZ. Hence we obtain a pair of essential disks DI c WI 
and D2 c W2, in contradiction to our assumption that (WI, W2) is irreducible. 0 
Casson and Gordon were aware of the following extension of Theorem 3.1 of [2]. The 
proof given here was suggested to us by Cameron Gordon and by Marty Scharlemann. 
Theorem 1.3 (Casson and Gordon). Let (WI, W2) b e a Heegaard splitting of a 3-mani- 
fold M, perhaps with boundary. If (WI, W ) 2 is weakly reducible then either (WI, W2) 
is reducible or M contains a closed incompressible non-&parallel separating suface of 
positive genus. 
Proof. Assume that the Heegaard splitting (WI, W2) is irreducible. Let A, C, CO 
and C* be as above. Since C is connected there is at least one component S of CO 
so that both, S n int(Wi) and S n int(Wz), are nonempty. By Lemma 1 .l this compo- 
nent S is not a 2-sphere and hence is contained in C*. However, for systems of disks A 
which maximize complexity it is shown in [2, proof of Theorem 3.11 that C* is incom- 
pressible. Furthermore, S is separating as it is obtained from compressing the separating 
surface C. Thus it remains to show that S is not a-parallel. 
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If S is &parallel we consider the product region N = S x I between a boundary 
component of M and S. The Heegaard splitting (1’1’i.W’~) induces a Heegaard splitting 
(U,. U2) of N. S’ mce 5’ n WI and S n II; are both nonempty, the genus of d+Ul = 
d+Uz must be bigger than the genus of 5’. One boundary component of N is contained 
in lit and the other in U2, by Lemma I .2(b). By Theorem 2.11 of [ 161 all nonminimal 
Heegaard splittings of S x I where the boundary components are not contained in the 
same compression body are stabilizations of the standard Heegaard splitting of genus 
equal to genus S. Hence this induced Heegaard splitting (Ui , Uz) is reducible. Therefore 
the original Heegaard splitting is reducible by Lemma 1.2(c). This is a contradiction and 
hence S is not &parallel. 0 
2. Wide knots and links 
In this section we will consider knots and links K c S’ given as 2n-plats (see Fig. 2 
and [ 11). A 2n-plat projection gives rise to two canonical Heegaard splittings of genus n 
of the complement space 5” - N(K), obtained as follows: Consider first the system of 
arcs pt...., Pan--] which connect adjacent bottom bridges of K (the bottom tunnels) as 
indicated in Fig. 2. One defines the compression body WI to be the union of a collar of 
aN(K) and a regular neighborhood of pt. . . . pn_ I. The handlebody Wz is defined as 
the complement (S3 - I’?(K)) - WI. The other Heegaard splitting is defined analogously 
by using the top tunnel system rt , . . ~~-1. 
Definition 2.1. 
(a) A 2n-braid will be called wide if in its standard projection (i.e., every crossing is 
replaced by a node) there is no monotonically descending path connecting the top 
of the second strand to the bottom of the (2n - l)st, or vice versa. 
(b) A 2n-plat projection of a knot or link will be called wide if the underlying 2n,-braid 
is wide. 
(c) A knot or link K c S3 will be called wide if it has a wide 2n-plat projection so 
that the corresponding canonical Heegaard splittings are irreducible. 
It is easy to see that every knot or link in S3 has wide plat projections, but in general the 
corresponding canonical Heegaard splittings may not be irreducible. Wide knot and links 
are, however, not an infrequent occurrence, as is shown by our large classes of examples 
exhibited at the end of this section. They are interesting because of the following: 
Proposition 2.2. For every knot or link K in S” in a wide 2n-plat projection both 
canonical Heegaard splittings are weakly reducible. In particulal; every wide knot or 
link has an irreducible but weakly reducible Heegaard splitting. 
Proof. By symmetry it suffices to give the proof for the Heegaard splitting corresponding 
to the bottom tunnels. As K is wide we can assume without loss of generality that there 
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is no monotonically decreasing path connecting the (n - 1)st string on the top to the 
second string on the bottom of the braid. 
Consider an equatorial 2-sphere 5’ intersecting K just below the top bridges and cutting 
off a 3-ball B with n unknotted arcs ti, . . . , t, (the bridges) as indicated in Fig. 3. The 
handlebody IV, in the Heegaard splitting determined by the bottom tunnels is ambient 
isotopic to the handlebody V = B - N(U ti), and this isotopy ht is given by moving the 
above equatorial 2-sphere S = ho(S) monotonically down the braid, to a level hi (S) just 
above the bottom bridges, through horizontal 2-spheres. Notice that this isotopy braids 
the arcs tt, . . . , t, according to the underlying braid of the 2n-plat. Consider now the 
disks D1 and D2 as indicated in Fig. 3. 
The disk D1 is a cocore disk of the tunnel (2-handle) pi and is either nonseparating 
or it cuts IV, into two compression bodies of nonzero genus and hence it is essential. 
The disk 02 in V is essential as it is nonseparating. Its boundary is the union of two 
arcs cx U p, where Q is an arc on alv(t,) and p is an arc on as. We claim that the 
image of Dz under the isotopy map ht is a disk 04 c Wz which does not intersect the 
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disk DI c WI. We have thus found two disjoint essential disks DI in WI and 0; in W2 
so the Heegaard splitting is weakly reducible. 
To prove the claim, isotope K so that every crossing point is on a distinct critical 
hight level of the natural hight function given by the 2n-plat. Let y be a “leftmost” 
monotonically decreasing path which starts at the top of the (2n - I)st string, and notice 
that y separates each horizontal level 2-sphere ht(S) into a left and a right part. As we 
isotope ht(S) by the map h across a critical level we see, by induction, that we can 
8 M. Lustig, E Moriah / Topology and its Applications 92 (1999) l-13 
always keep the “leftmost” point of ht(/3) msr ‘d e a &-neighborhood of y, where E is half 
the smallest distance between any two strings. Since K is a wide plat y will not meet 
the second strand of the braid and hence hr @I) is disjoint from dDr . The proof for the 
Heegaard splitting corresponding to the top tunnels is similar. 0 
Proof of Theorem 0.1. By Proposition 2.2, both canonical Heegaard splittings are 
weakly reducible but irreducible. Thus, by Theorem 1.3, S3 - N(K) contains a closed, 
orientable, non-d-parallel, separating, incompressible surface of positive genus. 0 
We now show that the class of wide knots and links is indeed large. Consider the 
following knots and links, where in the latter case we assume that K is not split: 
Example 1. Let K = K’ # K” be the connected sum of two knots. Assume that the 
tunnel number t(.) and bridge number b(.) satisfy the following condition: 
b(K) = t(K) + 1, b(K’) = t(K’) + 1 and b(K”) = t(K”) + 1. 
Notice that it is quite hard to find nontrivial knots which do not satisfy this assumption. 
Example 2. Let K be a knot or link in a 2n-plat projection as in Fig. 1, m > 1. Set 
Q: = g.c.d(ai,j) for i = 1,. . ,m, j = 1.. . . , n or j = l,...,n - 1 depending on 
whether i is odd or even. 
Example 3. Let K be a Montesinos knot or link M{e; (cx~,Pl), . . . , (CQ, &)}, with 
g 3 4 and set cy = g.c.d(ar,. . . ,q,). 
Example 4. A class of generalized Montesinos knots and links was introduced in [7]. 
These knots K have a 4n-plat projection as indicated in Fig. 4. 
Here a box 
denotes a 4-braid bl(ai,j/&) = cr~la;a*a~~a;a4 . . . @, or b,(ai,j/&) = $(T;~z 
u;’ 0s -a4 . . . gab 2 , where oh, oi,j, ,&,j E Z are integers such that ai, # 1, /3i,j # 0, 
oh # 0 and g.c.d(ai,j,&) = 1 and ai,j//&,j = al + l/(az + l/(as.. .)), for 1 < i < 
m, 1 < j 6 n. We also allow the degenerate case Qi,j = 0, ,& = 1 in order to denote 
the trivial braid. A box 
Bi 
Ii II II II II II II II 
1 
denotes a 2n-braid which is obtained from an arbitrary n-braid by doubling and possibly 
twisting each doubled strand. Let Yi be that braid (~i+,)2ai~i+*~i+l~i~i+2(~i+,)2. Set 
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X to be the braid Yt . . . Ydn_3 and let B be the composed braid XBI X . . . XB,_ I X 
andcu=g.c.d(a+),wherei= l,..., m, j= l,... ,R. 
Proposition 2.3. A knot or a nonsplit link K as in Examples l-4 is wide if the following 
conditions are satisfied respectively: 
(1) Example 1: t(K’#K”) = t(K’) + t(K”). 
(2) Example 2: cr # 1 and m < 2n - 3. 
(3) Example 3: Q # 1. 
(4) Example 4: The braid B is a wide braid and (Y # 1. 
Proof. (1) If the underlying braid of K’ or K” is denoted by B or B’, respectively, it 
can be seen directly from the 2n-plat projection that the underlying braid of the plat of 
the connected sum is wide (see Fig. 5). The condition that t(K’ # K”) = t(K’) + t(K”) 
ensures that the canonical Heegaard splittings of S3 - N(K) are minimal and hence 
irreducible. 
(2) If the underlying braid of the 2n-plat K satisfies the conditions on n and m then it 
is easy to see that the braid is wide. By Theorem 0.1 or Proposition 5.6 of [7], as (Y # 1, 
10 M. Lustig, E Moriah / Topology and its Applications 92 (1999) 1-13 
n n f-l f-m- A \ . . . 
I 
B 
. . . 
. 
11.: 
Fig. 5. 
the rank of rri (S3 -N(K)) is n. As the canonical Heegaard splittings have genus which 
is equal to the rank of 7ri (S” - N(K)) it follows they are irreducible. If K is a link this 
holds only if K is not split. Note that in this case the canonical Heegaard splittings need 
not be of minimal genus as in a minimal Heegaard splitting different components of the 
link might be on different sides of the Heegaard surface (see Remark 2.4). 
(3) In [S] it is shown that Montesinos knots have wide 2g-plat projections. It is also 
shown there that if Q # 1 then the rank of 7ri (S3 - N(K)) is equal to 29. Hence the 
same arguments as in case (2) apply here. 
(4) Note that a string entering a (i! J’) box emerges in the same box and that each 
string of each of the braids Bi represents two adjacent strings in between layers of boxes 
in the underlying braid. Hence only Bi determines to which box on a layer above or 
below each pair of strings will attach. Thus the composition braid B composed of the 
braids Bi and the braids X contains the worst possible case. Hence if the braid B, is 
wide the underlying braid of the 4n-plat will be wide. Again as above, by Theorem 0.1 
of [7], as cy # 1, the rank of 7ri(S” - N(K)) is 2n. The same arguments as in case (2) 
apply here. 0 
Remark 2.4. Note that with the above definitions the standard Heegaard splitting of the 
complement of the Hopf link obtained from a small tunnel connecting the two components 
is irreducible but not minimal. 
Let K c S” be a knot projection with n isolated minima and n isolated maxima. 
Notice that one can obtain a 2n-plat from the given projection by isotoping all maxima 
monotonically up and all minima monotonically down. We say that the projection of K 
realizes the tunnel number if the canonical tunnel systems for these 2n-plats are minimal 
(i.e., t(K) = n - 1). A projection of K as above is called standard if all maxima are 
located higher than any minima. 
The following proposition can be derived directly from Definition 2.1; it draws an 
interesting connection to the notion of thin position of knots and links (see [IS]). 
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Proposition 2.5. Given a knot K in S’ with n isolated minima and n isolated maxima 
which realizes the tunnel number and is nonstandard, then K is wide. In particular the 
complement of K contains a closed incompressible non-&parallel sur@ce. 
3. Surgery on wide knots and links 
An immediate question which arises in light of the above Theorem 0.1 is what happens 
to the incompressible surface after surgery on the knot or link. The case of knots is treated 
here in the following Corollary 3.2 and Theorem 3.4. Similar results are true for links 
which satisfy some extra technical conditions (see Theorem 0.3 of [7]). 
We first state the following conclusion of [20]: 
Proposition 3.1. Let K c 5’” be a knot with a closed non-&parallel incompressible 
surJace S in 5” - N(K), such that K is not isotopic in S’ - N(K) to a simple closed 
curve on S. Then the closed 3-manifold K(p/q) obtained by p/q-surgery, {p, q} E Z@Z, 
on the knot K is Haken if q # &l. 
Proof. Cut S’ - N(K) along S to obtain two components NI. Nz, with Nt, say, con- 
taining aN( K). The manifold N1 has two boundary components S and aN(K), and 
both are incompressible. Consider the meridian-longitude basis {h, X} for Ht (C)N(K)) 
and denote by Nt (p/q) the manifold obtained by p/q-Dehn filling of aN(K) c N,. 
Apply now Theorem 2 of [20] to conclude that S will remain incompressible in Nt (p/r) 
unless n(p, pp + qX) 6 1, where A(p. p,u + qX) denotes the minimal geometric intersec- 
tion number of the curves ,U and pp + qX. This condition excludes precisely all surgery 
coefficients in the surgery space Z $ Z with q = i 1. 
We conclude that for all other surgery coefficients S will be incompressible in both 
Nt (p/q) and Nz and hence in K(p/q). Furthermore, K(p/q) is not reducible, as by [3] 
only integral surgery coefficients p/ It 1 E Z yield reducible manifolds and these are 
already excluded. Hence for all other coefficients K(p/q) is Haken. 0 
Proposition 3.1 and Theorem 0.1 together imply: 
Corollary 3.2. Let K be a wide knot. If the sur$ace S c S3 - N( K) given by Theorem 0.1 
does not contain a simple closed curve isotopic to K, then the closed 3-manifold K(p/q) 
obtained by p/q-surgery, {p, q} E Z @ Z, q # zt 1, on the knot K is Haken. 
We can replace the condition that K not be isotopic to a simple closed curve in some 
closed incompressible surface in S3 - N(K) by requiring that K is a hyperbolic knot. 
We need the following definition in order to simplify the statement of the theorem below. 
Definition 3.3. A subset of Z @ Z will be called very simple if it is the union of a sub- 
sequence of elements of the form cy + no and a finite subset A of Z @ Z, where {oz. P} 
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is some fixed basis of Z CB Z and 12 E Z. A subset of Z @ Z will be called simple if it is 
the union of a finite number of very simple subsets. 
Theorem 3.4. Let K c S3 be a wide hyperbolic knot. Then there is a simple subset U 
of Z $ Z so that all manifolds obtained by p/q-surgery on S3 - N(K), with {p, q} not 
in U, are Haken. 
Proof. As the knot K is hyperbolic it follows from Theorem 5.8.2 of [19] that if Jp]*+jq1* 
is sufficiently large the manifold M = K(p/q) surgery on K is hyperbolic and hence 
irreducible. The canonical Heegaard splittings of S3 - N(K) are weakly reducible, 
by Proposition 2.2, and they induce Heegaard splittings of A4 which are also weakly 
reducible. We can apply Theorem 0.1 of [ 111. This theorem, applied to our context, 
states that if IpI* + lq12 ’IS sufficiently large (perhaps bigger than is required above to get 
a hyperbolic manifold) any Heegaard splitting of M is either induced by an unknotting 
tunnel system for S3 - N(K) or is induced by one of finitely many “horizontal” surfaces 
(i.e., a surface in S3 -N(K) with exactly two boundary components on a(S3 - N(K)) 
which separates S3 -N(K) into two handlebodies). In the latter case K must be isotopic 
onto the “horizontal” surface and the surgery coefficients p/q are necessarily of the 
form p + n6, where 6 is the curve on aN(K) determined by the boundary of the 
“horizontal” surface. As the number of horizontal surfaces is finite, these exceptional 
surgery coefficients belong to a simple subset U of Z @ Z. For all manifolds M obtained 
by surgery coefficients outside U all Heegaard splittings are induced by unknotting tunnel 
systems for the knot K. In particular, the Heegaard splittings of A4 induced by the 
canonical Heegaard splittings of S3 - N(K) are minimal and as A4 is irreducible, they 
are irreducible. Hence by Theorem 1.3 (or directly Theorem 3.1 of [2]) the manifolds A4 
are Haken. 0 
Remark 3.5. In many cases the computations (see [7]) which show that the canonical 
Heegaard splittings of S3 - N(K) are minimal, give a direct proof that the induced 
Heegaard splittings of K(p/q) are minimal. Hence, excluding q = f 1 as in Theorem 3.1 
above, these computations give a direct way to show that K(p/q) is Haken. 
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